This paper introduces a new class of Cox models for dependent bivariate data. The impact of the covariate on the dependence of the variables is captured through the modification of their copula. Various classes of well-known copulas are stable under the model (Archimedean type and extreme value copulas), meaning that the role of the covariate acts in a simple and explicit way on the copula in the class; specific parametric classes are considered.
Introduction
The aim of this paper is to present a new description for bivariate dependence. It extends the proportional hazard (PH) model and is relevant in various fields of biostatistics and industry. Denote z an environmental covariate and consider two positive random variables X and Y with absolutely continuous survival functions Other models for bivariate dependence have been defined, for example, by Clayton, 1 Clayton and Cuzick 2 and Oakes 3 . See also DeMasietal., 4 where the conditioning on X is of the form X=x. In Clayton, 1 where joint lifetimes of sons and fathers are considered, a Cox model is used to handle the role of the covariate upon the margins, and the association between the margins is described through the fact that the local association measure
is independent upon x and y and upon z: This index expresses the influence of parental history of a given disease upon the incidence in the offspring. X is the lifetime of the father, while Y describes that of the son. It is assumed that association arises because the two members of a given pair share some common influence and not because one lifetime influences the other. In fact, these models are of frailty type, and the margins are independent conditionally upon the covariate. More globally, the standard model building strategy is to have marginal survival functions and a copula for their dependency, see Choi and Matthews 5 or Said et al. 6 In Lindstrom et al., 7 a study on the familial concordance in cancer survival based on a Swedish population showed that cancer-specific survival in parents predicts survival for the same cancer in their children. The risk of dying in children in relation to parental survival was modelled by use of two PH models; first, parental survival was modelled and, next, survival risk in children in relation to parental survival was assessed; thus, in this case, the lifetime of the father influences the lifetime of the son, whatever the level of the covariate (here, z represents the different cancer sites), however in relation with it. In this case, model (6) seems to be natural. Setting x = 0 in (5) shows that Y follows a PH model so that (6) is PH on both components. The copula of the couple of random variables X, Y ð Þ for a given z can be written in terms of the values of F(z) and C(z). The unusual feature of this model is positive in a number of cases, since z acts on the margins, but also specifically on their dependence. The claim that the goal of copula modelling is to distinguish the parameters for the dependency from those associated to the marginal models cannot be considered as a general principle. Other authors have considered cases when the association of the margins is specifically related to their distributions, e.g. Gupta.Gupta 8 In the present model, the covariate z is taken into account in the margins as well as in the copula. It will be seen, however, that the knowledge of the distribution of the margins for any given z is not required in the modelling of the copula. Indeed, only the coefficients of the marginal Cox models are used in its model, and not their baseline hazards. The statistical inference for the model is therefore split into to distinct steps, as usually considered. In conjunction with (6), it is worth noting that direct approaches based on regression type models cannot satisfy our purpose. Indeed, consider, for example, a model defined through
with r(z, :) and s(z, :) strictly increasing for all z. Then, following Nelsen, 9 Theorem 2.4.3, (X, Y) has the same copula as (U, V) for all z, which implies that the covariate z plays no role in the dependency of X and Y. Introducing a new model imposes the determination of its range of applicability; it will be shown that (6) is adapted for positive quadrant dependence (PQD) between the margins, a concept that is recalled in the section on some useful facts in bivariate dependence. Stating that the margins follow a PH (typically Cox) model can be checked using standard tools. 10 The PQD property can be tested through a KolmogorovSmirnov (KS) test. 11 Scaillet Let us now show the main results that we present in connection with model (6).
1. The TP 2 class of SDFs is a subclass of the PQD SDF class and is stable under the model, which is properly defined when the hazard baseline H 0 is TP 2 . This class appears quite naturally as the one under which the model is properly defined, and it is appropriate for the description of positive dependence between its margins. Definitions of TP 2 and PQD properties are given in the next section. 2. Since the TP 2 property of a multivariate SDF refers only to its copula, model (6) describes the changes of the baseline copula induced by the covariate. In addition, this implies that the model is valid independently of marginal distributions.
Only the structure of dependence is involved in the domain of validity of the model. 3. Two main classes of copulas are stable under the model, namely: when the baseline bivariate copula is in such a class, so is the copula for all value of the covariate z. The class of extreme value copulas (EVCs) enjoys this property. The class of extended Archimedean copulas is also stable under the model. This class results as a special by-product of a technique intended to produce asymmetric copulas due to Genest et al. 12 and Liebscher. 13 The so-called class of logistic asymmetric copulas, 14 that is a simple extension of the Gumbel family of copulas, enjoys an important role in the present model. It is stable under the model and admits a simple parametrization. The covariate z acts in an adaptive way when the value of the covariate is changed. It is the only bivariate distribution in the class of frailty models which enjoys such properties in the model. This paper is organized as follows. In the next section, we briefly recall the necessary background from bivariate dependence. The section on introducing covariates in dependence models describes the model. In the section on asymmetric logistic models of dependence, we focus on the asymmetric Gumbel class of copulas, which is the natural parametric setting of our model. Then, we give an example of industrial application. All proofs are in the technical report. 15 
Some useful facts in bivariate dependence
Let X and Y be two random variables with joint SDF H, with margins F and G. All dependence properties of X and Y are captured through the survival copula C, which is a CDF (Cumulative Distribution Function) defined on ½0, 1 3 ½0, 1 through
where u and v belong to ½0, 1 and where F (t) :¼ supfx : F(x) 5 tg. It is easily checked that C is indeed a copula. The definition of a copula is given in Nelsen, 9 Definition 2.2.2. We will make use of the following definition and notation.
Definition 1 (Min-id property). A bivariate CDF H is mininfinitely divisible (min-id) if for all positive g, H g is an
Assume that H is min-id and let V = (X, Y) be a random vector with SDF H. Then, for all n in N, H 1=n is an
. . , n be n copies independent and identically distributed with SDF H 1=n .
It holds that
Definition 2 (PQD property). X and Y are PQD if and only if (iff), for all (x, y) in R 2 , P(X . x, Y . y) 5 P(X . x)P(Y . y); in this case, we also say that H is PQD.
Remark 1. When f is C 2 (i.e. first-order and second-order partial derivatives exist and are continuous), then f is
The proof is given in Resnick, 16 p.254. We also recall the following results. The relation between properties of the SDFs and their copulas is captured in the following result. Lemma 1. Let H be an SDF with copula C. Then, H is TP 2 iff C is TP 2 .
Definition 4 (Archimedean copula). An Archimedean copula is a function C from ½0, 1 2 to ½0, 1 given by
, where u is a continuous strictly decreasing convex function from ½0, 1 to ½0, ', such that u(1) = 0, and where u ½À1 denotes the 'pseudoinverse' of u, namely,
The class of so-called EVCs is important in this model, although not related here with the theory of bivariate extremes; therefore, we define an EVC through the basic Pickands representation, without further reference to the theory of bivariate extremes. It is convenient to define the so-called Pickands function class.
Definition 5.
A convex function A defined on ½0, 1, which satisfies A(0) = A(1) = 1 and max(t, 1 À t)4A(t)41 is a dependence function or the Pickands function.
In the present context, a copula C will be associated to any Pickands function; we recall the following result, which in our setting might be seen as a definition of the class of EVCs. are the marginal and conditional specific cause hazards for some bivariate SDF H z with margins F z and G z under a given covariate z. We conclude from the first equation of (6) that
Definition 6. (The Pickands Theorem). C is an EVC iff there exists a Pickands function A such that
C(u, v) = exp log (uv)A log v log uv !ð8Þ
Introducing covariates in dependence models

Description of the model
defines an SDF. Notice that
which is indeed an SDF when F(z) 5 C(z) . 0 and (9) is an SDF for all z such that F(z) 5 C(z) . 0. Let us consider the case when 0 \ F(z)4C(z). Analogously with (6) , the model may then be written
permuting the role of X and Y. In a similar way to the above, we have that
is a proper SDF. To summarize the above arguments we state the following. Let the model be defined by (6) if F(z) 5 C(z) and by (10) 
where
This model is well defined, even if F(z) and C(z) are not ordered uniformly on the covariate z (which can be multivariate); the functions F and C can be easily estimated through the data since they characterize the marginal PH models in (M). Suppose that X and Y are fitted to the same scale under the baseline, namely
for all t, stretching the fact that X becomes stochastically smaller than Y under the stress parameter z. Identifiability of (M) holds; assume for example that F(z) 5 C(z). Then, F(z) and C(z) are defined uniquely. Indeed, assume
for all x, y. Then, taking logarithms yields F(z) = F 0 (z) and C(z) = C 0 (z). When (H) holds, then for all z , H z is an SDF and
Min-infinite divisibility of the baseline will also make any H z min-id, showing that this class is stable under (M). Indeed for any positive g,
which still is an SDF. By Theorem 2 and Lemma 1, min-infinite divisibility is not a property of the CDF but of its copula. Formula (11) can be written for copulas through
(H) is only a sufficient condition for the model to be defined. The following example illustrates this fact. ). By (7), it is easy to check that C H 0 is not TP 2 . Using (12) and assuming F(z) 5 C(z) we obtain
which still is a Gumbel-Barnett copula when
This example shows that although (H) is only sufficient, it is clearly the appropriate condition which should be imposed in order that the model be defined for all values of z. Otherwise, the baseline hazard H 0 defines a model only for specific values of the covariate. This motivates our interest in good classes of minid copulas that we intend to regress on the covariate z.
Stability properties of the model
We introduce two classes of copulas which are stable under (M).
Extended Archimedean copulas. Among all possible types of bivariate dependence that can be described through the present bivariate Cox model, there exists a class of copulas that contains the Archimedean copulas and which enjoys peculiar stability properties. From now on, denote
and
Let u 0 be a generator and C u 0 be the Archimedean copula with generator u 0 . We assume that C u 0 is TP 2 . When H z is defined, set C H z its copula.
Proposition 2. Let H 0 be an SDF with TP 2 copula C u 0 .
Then, H z is defined for all z in the domain of F and C.
Furthermore,
More generally, we have, denoting P(u, v) = uv, the following proposition.
where C u z denotes the Archimedean copula with generator u z defined in (16) .
EVCs
We show that the class of EVCs also enjoys stability properties, as seen in the present section. 
with
where 
Proposition 5 proves that the transition from z to z 0 is independent of the baseline dependence function. Formula (21) can be seen as a kind of expression of the proportional hazard property, which links two hazard rates independently on the baseline. When the covariate acts equally on X and Y, i.e. F(z) = C(z) for all z, then B z (s) = A(s) for all values of s as seen in Proposition 4. Thus, the copula of H z equals that of the baseline H 0 ;
the dependency structure of X and Y should not be altered through (M). Only the marginal distributions of X and Y in this case reflect the role of the covariate. We propose some illustration of the role of z on the changes of the copula for F 6 ¼ C. We use F(z) = e az , with a = 1:5 and C(z) = e bz , with b = 2. Figure 1 illustrates formula (15) . We represent the change of the density of C H z with z. The Archimedean copula is the Clayton copula whose generator is defined by u(t) = t Àu À 1. The Clayton copula writes
We take u = 3. In this figure, the model tends rapidly to independence since the density of the copula tends to 1 as z increases. Figure 2 illustrates the transition formula (20) . The baseline copula is the Gumbel copula
We take also u = 3. The Pickands function of the Gumbel copula is
The dependence functions are ordered with respect to z. As z increases, the model tends to independent marginals.
Asymmetric logistic models of dependence
This section deals with specific parametric models for dependence that are stable under (M). We consider model (M) specialized in the case when the copula of H 0 is a Gumbel copula. The margins of H 0 can be any.
It is a simple parametrized model of copulas, which is an EVC on one hand, and which models frailty bivariate dependence, hence being an Archimedean copula. Indeed, it is the only copula satisfying jointly these two properties (see Nelsen, 9 Theorem 4.5.2; Genest and Rivest, 19 statement A). We recall the Gumbel copula
The dependence function of this copula is
Assume that H 0 has an EVC with dependence function A: When the covariate z acts, the dependence function B z defined through Proposition 4 determines the asymmetric logistic copula. This copula has three parameters a(z), b(z) and u. Recall from (13), (14) and Proposition 4 that
It holds
When a(z) = b(z) (which implies that they equal 1), i.e. when z acts equally on X and Y, B z (s) = A(s) for all s. (15) with the Clayton copula density for the baseline (z = 0).
where P(u, v) :¼ uv is the product copula (see p. 11 of Nelsen 9 ). The dependence function B z is an asymmetric form of the Gumbel dependence function A defined in (24) . This is the asymmetric logistic model in Tawn   14 when the margins are standard exponential. As developed by Khoudraji 20 and Genest et al. 12 , Proposition 3, given two dependence functions A 1 and A 2 , two constants k and h with 0 \ k, h \ 1, the function defined through Example of industrial application: modelling of the dimensions of a defect (shock or scratch)
Context
In aviation, throughout the life cycle of an engine, inspections are in place to ensure its proper functioning. During these inspections, defects are sometimes identified. Various causes are responsible for these defects: the ingestion of foreign bodies or the mounting and/or dismounting at previous inspections. These defects are identified and informed in a database. They are characterized by a length and a depth, which, in general, are not independent. Moreover, the dependence structure that binds the length and depth of a defect is different according to the area of the engine in which the defect is noted, reflecting the vulnerability with respect to exposure. Thus, in this context, the environmental covariate z denotes the area of the engine. The random variable X denotes the length of the defect and the random variable Y denotes its depth.
Description of the data and the approach
The database lists the biggest lengths and the corresponding depths of defects found on rotating parts. Moreover, this database contains numerous information on the engine and the sections of the engine on which these defects are identified. Every such section is divided into 16 macro zones (an example is given in Figure 3 ), each of them having different physical properties or different degradation properties. Among these 16 macro zones, we first selected 8, for which there was enough data to achieve the analysis (between 10 and 60). The purpose is to model the SDF of the couple of variables (X, Y). On one hand, we estimate marginal distributions of X and Y, and on the other hand, we estimate the dependence between these two variables. The marginal distributions are independently estimated from two different Cox's models. The dependence between X and Y is estimated at first in the reference zone, by a copula. The estimation of the dependence in the other zones follows easily from the above model. The hypothesis hidden behind this reasoning is that the defects have the same origin, but have different sizes according to the zone of the part concerned by the defect. In our case study, the environmental covariate z is nominal and takes 8 modalities: 'Bolted junction', 'Bore', 'Dovetail', 'Dovetail rail', 'Overhang: inner', 'Overhang: outer', 'Seal teeth' and 'Web'. To simplify the writing, we recode the modalities from 0 to 7. These variables take value 1 if the defect is observed in the zone i, i = 0, . . . , 7, and the value 0 otherwise (see Table 1 ). The zone 0, for which the data set includes the major number of data, is the 'reference zone' and l 0 (x) denotes the hazard rate of the random variable X in this zone.
Results
Measures of dependence: Kendall's tau and Spearman's rho. The calculation of Kendall's tau and Spearman's rho certify that the data are positively dependent. Indeed, according to Nelsen, 9 if X and Y are PQD, then 3t X, Y 5 r X, Y 5 0. Thus, if for a given zone we find t X, Y 40 or r X, Y 40, then the zone will be rejected from the study. However, a positive Kendall tau or a positive Spearman rho does not imply that the data are PQD.
According to Table 2 , the values taken by Kendall's tau and Spearman's rho are not very high in absolute value. The dependence between X and Y is not very strong, but not insignificant, except for zone 4 where it is almost zero. For zones 3 and 5, r X, Y and t X, Y are clearly negative. These zones are removed from the study. This fact is of interest: in real life, data modelling cannot be used without a careful check of the underlying hypotheses.
In addition, as r X, Y and t X, Y are very close 0 in zone 4, a test of independence is made (with R software) to make sure that the variables X and Y are independent. The test does not reject the hypothesis of independence. Hence, zone 4 is also removed from the study, which is relevant for zones 0, 1, 2, 6 and 7.
Parameter estimation of Cox's model
Using the function coxph of the software R, we can estimate the functions F and C through the partial likelihood optimization. We obtain for the variable 'depth': F(z) = exp (z 0 z), where z 0 = (1:23, 0:22, À0:84, 0:01) 
Estimation of the marginal distributions
The adjustment was made through the WinSMITH Weibull software. For the variable 'depth': the adjusted law is a Weibull distribution with shape parameter b = 0:84 and scale parameter h = 0:35 (Cf. Figure 4) .
For the variable 'length': the adjusted law is a Weibull distribution with shape parameter b = 0:985 and scale parameter h = 3:99 (Cf. Figure 5) . The shape parameter being very close to 1, we perform a KS test in order to test the hypothesis of an exponential distribution. The KS test does not reject the hypothesis; we can set that the random variable Y is exponentially distributed with parameter l = 0:25. . Table 3 ). For the variable Y, the parameter of the exponential distribution in the other zones is l z = l 0 exp (g 0 z) (Cf. Table 4) . We obtain the following results.
Fit of a copula according to the model
In the reference zone. In order to fit a copula to our data in this zone, we used the function gofCopula in the package copula of R software. This function tests if a parametric family of copula fits correctly the data and provides an estimate of the parameter.
Having no a priori on the type of copula to be adjusted, we have chosen to test all the families of copulas with one parameter implemented in the function gofCopula, that is:
Frank and Clayton's Archimedean copulas; Hu¨sler-Reiss and Galambos's EVCs; Gumbel's copula, which is both an Archimedian copula and an EVC; Farlie-Gumbel-Morgenstern (FGM) and Plackett's copulas, which are not Archimedian copulas nor EVCs.
These families of copulas cover an important variety of dependences types. For each of the families of copulas to be tested, we have to choose the way through which the parameter u is estimated. For Archimedian copulas, a simple relation between u and Kendall's tau exists. 9 For the Galambos copula, it can be seen that
Hence for those two models, the estimation step uses Kendall's tau. For Plackett's copula, it is readily seen that
2 , where r is Spearman's rho. Finally, for the other copulas we shall use the estimator of pseudo-likelihood (pl) described by Genest et al. 21, 22 Other inferential tools for bivariate EVCs based on ranks are developped and compared in Genest and Segers. 23 As seen in Table 5 , only the family of FGM copulas is rejected by the test. Both p-values for the Gumbel and the Galambos copulas are high; the choice of the relevant model should be based on other considerations, focusing on the implementation of the estimators in the reference zone. Firstly, the relatively small sample size leads to consider symmetric copulas as the baseline dependence model. Indeed, both symmetric Galambos and Gumbel copulas have a single parameter; the corresponding asymmetric versions have three parameters. Secondly, for the estimation of the parameter, we follow the line of Genest et al., 22 who recommend to process inverting the empirical Kendall tau coefficient, a method that is implemented in the package Copula of R software, through the gofCopula function. The estimate of the parameter u of the Gumbel copula is very simple since, denoting t the Kendall correlation coefficient, it holds that
which yields the estimate of u by direct plug-in of the empirical t coefficient. On the contrary, the estimation of the parameter in the Galambos copula is quite involved; hence, we may also consider robustness arguments, which play in favour of the Gumbel choice. The copula adjusted in the reference zone hence writes
A graphical way of verifying the quality of the adjustment of this copula to the data is to compare the Pickands function associated to the adjusted copula and a nonparametric estimation of this function. There are various nonparametric estimations of this dependence function. We chose the estimation proposed by Cape´raa`et al. 24 because it is, according to the creators, closer to the real function of dependence than all nonparametric competitors. The graphic representation of these dependence functions is obtained by the functions abvevd and abvnonpar of evd (extreme value distribution) package of the R software.
The adjustment of the Pickands dependence function in given in Figure 6 . The maximum relative error between the two curves is 2.34%, and the average error is less than 1%. The estimated dependence function is globally similar in shape to the empirical function. As Gumbel's copula is a member of the family of Archimedean copulas, we see that an asymmetric version of this copula can be built, which we call the asymmetric Gumbel copula, to be fitted in the other zones.
In the other zones
A way of evaluating the quality of the adjustment of the model is to compare the parameter values of the Gumbel asymmetric copula obtained by using the model, with the parameter values adjusted directly on the data of the considered zone. We shall then use Kendall plots (Cf. Figure 7) to complete our evaluation.
In order to adjust an asymmetric Gumbel copula in each of the other zones, we use the function fbvevd of evd package of the R software, allowing us to fit this kind of copula by maximization of the likelihood associated to the sample. In practice, we estimate the parameter u associated to each of the zones by fixing the asymmetry parameters a and b to those calculated by Cox's models for all i, a(z i ) = min Table 6 shows the results. In order to estimate at best the quality of the adjustment of the model, we compare the values of u obtained through maximum likelihood. Altogether, the propagated model is very close to the one that would be considered zone by zone, which is a good point. By using Kendall plots, we are going to verify that the asymmetric Gumbel copulas estimated by propagating the model are rather close to empirical copulas. In zones 0, 1 and 2, the adjustment of the copula to the data seems very good. In zone 6 and in zone 7, we see that the adjusted asymmetric Gumbel copula does not seem to be the best: the curve goes away in a more important way from the straight line of equation y = x. It is coherent with the values found in the Table 7 . However, the adjustments are good overall, considering the small amount of data. The developed method thus seems applicable to our data, and the obtained modelling is acceptable.
Conclusion
Through this study, we have shown that the developed model applies in a very suitable way to the problem of the study of the dependence between two positive random variables. We were able to model completely the distribution of the couple of variables (X, Y) by estimating, on the one hand, the marginal laws of variables X and Y and, on the other hand, the relation of dependence existing between these two variables. So the marginal law of variable X is Weibull, that of variable Y is an exponential, and we can model their dependence by a Gumbel copula. We carefully adjusted the parameters of these various functions in the reference zone. The Cox model, on the one hand, and the developed model, on the other hand, allowed us to propagate these adjustments in the other zones.
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